In this paper, we discuss the point and interval estimates of the parameters from Weibull distribution based on adaptive Type-II progressively hybrid censored data in constant-stress accelerated life test using maximum likelihood estimation (MLE) methods and Bayesian estimation (BE). The Bayes estimates cannot be obtained in explicit form. A hybrid Markov chain Monte Carlo method is applied to compute the approximate Bayes estimates and the corresponding credible intervals. Moreover, the Monte Carlo simulation is performed to compare the performance of the proposed methods. Finally, an actual data set is analyzed for illustrative purposes.
I. INTRODUCTION
Life test is necessary for investigating, analyzing and evaluating the reliability of the product. However, with the development of science and technology, some products have longer life or higher reliability, for example, some electronic components can have a life span of millions of hours under normal operating conditions. Due to the consideration of cost and time, life tests are often stopped before all units on test have failed, and the observed failure times of the units are named censored data. Type-I (time) censoring, where the life test will be terminated at a prescribed time T , and Type-II (failure) censoring, where the life test will be terminated upon the mth (m is prefixed) failure, are commonly used in practice. In 2000, Balakrishnan and Aggarwala [1] introduced Type-II progressive censoring scheme. One drawback of the Type-II progressive censoring scheme is that the length of the experiment may be quite large for the long-life products. So, in 2006, Kundu and Joarder [2] proposed Type-II progressive hybrid censoring scheme, where the experiment terminates at a pre-specified time. However, for the Type-II The associate editor coordinating the review of this manuscript and approving it for publication was Yue Ivan Wu . progressive hybrid censoring scheme, the drawback is that the effective sample size is a random variable, and it may be small even zero. In order to deal with this drawback, Ng et al. [3] introduced adaptive Type-II progressive censoring scheme in 2010. The adaptive Type-II progressive censoring scheme is described as follows: consider n independent units in a life testing experiment, time T and the number of observed failures m are prefixed. At the first failure time x 1 the surviving units with size R 1 are withdrawn randomly from the test, and the test continues. Similarly, following the second observed failure time x 2 , the surviving units with size R 2 are withdrawn randomly from the test, and so on. If the mth (m < n) failure time x m occurs before the prefixed time T , the experiment stops at time x m and the remaining R m units are all removed, which is denoted by Case I. If the units with size J (0≤ J ≤ m) are observed before time T , the test continue until the failure units number reaches prefixed number m, where R J +1 = · · · = R m−1 = 0 and R m = n − m − J i=1 R i , which is denoted by Case II. Cases I and II are listed in Figures 1-2 .
The adaptive Type-II progressive censoring scheme has been studied in recent years. Ye et al. [4] firstly investigated the general statistical properties and then used the maximum likelihood (ML) technique to estimate parameters of the extreme value distribution. Sobhi and Soliman [5] dealt with the exponentiated Weibull model using Bayesian and ML methods. Mahmoud et al. [6] discussed the estimation of Generalize Pareto parameters using the ML, Bayes, and parametric bootstrap methods. The maximum likelihood estimation (MLE) and Bayes estimation were exploited to make interval estimation for the Burr Type-XII distribution in paper [7] . Ateya and Mohammed [8] discussed the unknown parameters estimation of exponential distribution based on the ML method and the Bayes technique under the squared error and linear exponential loss functions.
In order to make the test faster, accelerated life testing (ALT) has been introduced in practice due to consideration of cost and time. In ALT, the products are tested at different accelerated stress levels, then the lifetime distribution at normal stress is estimated through a physically appropriate statistical model such as the linear Arrhenius model. The accelerated stress levels are usually temperature and (or) voltage in practice.The accelerated test contains constantstress accelerated life test, step-stress accelerated life test and progressive-stress accelerated test.The accelerated test and the truncation scheme have been combined by many scholars to investigate the unit reliability in recent years. Ismail [9] discussed MLE and Bayesian estimations under the constant-stress partially accelerated life test model with Type-I censoring assuming Pareto distribution of the second kind. Bayesian analysis of constant-stress accelerated life test for the Weibull distribution were obtained by Xu et al. [10] using noninformative priors. Shi et al. [11] considered a constantstress accelerated life test with competing risks for failure from exponential distribution under progressive type-II hybrid censoring, they derived the MLE and Bayes estimates of the parameter and proved the equivalence under certain circumstances. Under the constant-stress accelerated life test with progressive type-II hybrid censoring, the parameters of the exponential distribution are considered by Anwar [12] . Mahmoud et al. [13] deliberated the inference for onstantstress partially accelerated life test model with progressive type-II hybrid censoring scheme using the MLE, Bayes and parametric bootstrap methods. Yan et al. [14] discussed the point and interval estimates of the Weibull regression model in a multi-level stress test under the general progressive Type-II censoring using the MLE and Bayes methods. However, the research on constant-stress accelerated life test with adaptive Type-II progressive hybrid censoring is very little, except Zheng and Shi [15] , they estimated the unknown exponential distribution parameter and the reliability function through combining the EM algorithm and the square method in 2013.
Weibull distribution has a flexible failure rate function, which can be used to fit the data of mechanics, medicine, wind speed, etc. In this study, we infer the Weibull model under the constant-stress accelerated life testing when samples are adaptive Type-II progressive hybrid censored. The test procedure and basic assumptions are given in SectionII. The MLE and Bayesian estimation of the unknown parameters, the reliability function and the hazard rate function and Markov Chain Monte Carlo (MCMC) method are given in Section III. In order to show the the effectiveness and practicability of the proposed method, we provided the simulation and a real data example in Section IV and Section V, respectively. The conclusion is presented in Section VI.
II. LIFE TEST PROCEDURE AND BASIC ASSUMPTIONS
Consider a K level constant-stress accelerated life test. S 1 < S 2 < · · · < S k . Assume that n independent and identical components are simultaneously placed on test. The n components are divided into k units and are put under different stress levels. Under the stress level S i , n i units are put into adaptive type-II progressive hybrid censoring. The adaptive type-II progressive hybrid censored data and censored scheme are written as follows:
Case I:
Case II:
The constant-stress accelerated life test model is constructed according to the assumptions [10] given as follows. Assumption 1: Under the normal stress S 0 and the accelerated stress S i , i = 1, · · · , k, the product life follows Weibull distribution. The probability density function (PDF), cumulative distribution function (CDF), reliability function, and hazard rate function, respectively, are given as follows:
where α i is the shape parameter and λ i is the scale parameter at
The failure mechanism of the product remains constant at each accelerated stress. Because the shape parameter reflects the failure mechanism, it implies that
Assumption 3: The accelerated model is log-linear,
where a and b are unknown parameters. φ(S) is function of stress level S. Generally,when accelerated stress is temperature, then φ(S) = 1 S , and the accelerated stress is voltage, then φ(S) = log S. According to Eq. (8), we get that
where θ is named as acceleration coefficient.
III. MLE AND BAYESIAN ESTIMATION
For any stress level S i (i = 1, 2, · · · , k), the likelihood function is given by
where
As the life test under each stress level is independent each other, the likelihood function of adaptive type-II progressive hybrid censored sample is given by
The log-likelihood function is given by
The likelihood equations for parameters α, λ 0 , θ are given by
Let (α,λ 0 ,θ ) denote the MLEs of (α, λ 0 , θ), which can be obtained by Eqs. (14)- (16) . However, the above equations are very complex and have no analytical solutions. We use Newton-Raphson method to compute the MLEs (α,λ 0 ,θ ). We then assess the accuracy of MLEs using the variancecovariance matrix that can be computed by inverting the observed Fisher information matrix I (α, λ 0 , θ) in (α,λ 0 ,θ)
as follows:
Therefore, the approximate 100(1−τ )% confidence intervals (CIs) of the parametersP M = (α,λ 0 ,θ ) are given by
where z τ 2 is the upper τ 2 th percentile of the standard normal distribution. and
We estimate s(x) and h(x) using the following equations:
here the s(x) and h(x) are survival function and failure rate function respectively. Then we can use delta method to obtain the asymptotic variance of s(x) and h(x).
The approximate 100(1 − τ )% CIs of s(x) and h(x) are given by
The parameters are estimated using the Bayesian method under the squared error loss function. Suppose that random variable T follows gamma distribution with shape parameter α > 0 and scale parameter b > 0 is denoted by T ∼  Gamma(a, b) . Then the PDF is given by
Suppose that λ 0 , α, and θ are independent and λ 0 has gamma prior with PDF g(λ 0 ; a 1 , b 1 ), α has gamma prior with PDF g(α; a 2 , b 2 ), and θ has uniform prior with PDF π (θ ) ≡ 1. The joint prior density function of α, λ 0 and θ, namely π(α, λ 0 , θ), is given by
and the posterior joint PDF of (λ 0 , α, θ ) given x can be expressed as:
In this paper, the Bayes estimates have been obtained under the squared error loss funtion (SELF), the Bayes estimator of the parameter is the posterior mean. Therefore, the Bayesian estimation of any function of α, λ 0 , θ sayP B (α, λ 0 , θ)
Eq. (38) can't reduce to closed form. In this study, we use MCMC method to estimate the parameters. Substituting (12) and (35) into (37), the conditional PDF of λ 0 given α, θ and x is log-concave, and it is proportional to
The conditional PDF of α given λ 0 , θ and x is log-concave, and it is proportional to 
The conditional PDF of θ given α, λ 0 and x is proportional to
Property 1: The posterior PDF π (α|λ (0) 0 , θ (0) , x) given by (40) is log-concave, when the shape parameter of gamma distribution α ≥ 1.
Proof: combining the prior and formula (19), we can get
So, The posterior PDF π (α|λ (0) 0 , θ (0) , x) is log-concave. Based on Eqs. (39)-(41), MCMC method is implemented as follows.
Step 1: Give initial value λ 0 (0) , α (0) , θ (0) , and i = 1;
Step 2: Generate sample α (i) from the conditional PDF π (α|λ (0) 0 , θ (0) , x) using adaptive rejection sampling (ARS) algorithm [16] ;
Step 3: Generate sample λ (i) from the conditional PDF π (λ (0) 0 |α (i) , θ (0) , x) using M-H algorithm;
Step 4: Generate sample θ (i) from the conditional PDF π (θ|λ (i) 0 , α (i) , x) using M-H algorithm;
Step 5: Computê
Step 6: Set i = i + 1; Step 7: Repeat Steps 2-6 M times and obtain (α (1) ,λ
0 , θ (1) ,ŝ (1) ,ĥ (1) ) · · · (α (M ) ,λ
Step 8: In order to be sure of the algorithm convergence, we eliminated the first K samples. And K value selection depends on the sample path graph of MCMC samples. The remaining N = M − K samples are still denoted by (α (1) ,λ (1) 0 ,θ (1) ,ŝ (1) ,ĥ (1) ) · · · (α (N ) ,λ (N ) 0 ,θ (N ) ,ŝ (N ) ,ĥ (N ) ) for convenience;
Step 
Step 10: OrderP (K +1) , · · · ,P (N ) asP (1) , · · · ,P (N −K ) . Then using the algorithm proposed by Chen and Shao [19], the 100(1 − γ )% highest posterior density (HPD) credible intervals of P are given by (P (j) ,P (j+[(1−γ )(N −K )]) ), [a]is the integer part of a.
IV. SIMULATION STUDY
The adaptive type-II progressive hybrid censored samples from the Weibull distribution are generated in the same way as [2] under each stress level S i , the processes are listed below.
(1) Generate m i independent random variables W i:1 , W i:2 , · · · , W i:m i from U (0, 1).
(2) For the progressive censoring schemes R i:1 , R i:2 , · · · , R i:m i , set
, · · · , U (i, m i ) are type-II progressive censored samples of size m i from U (0, 1).
(4) Thus,
, j = 1, 2, · · · , m i are type-II progressive censored samples of size m i from Weibull distribution with parameters (α, λ i ).
(5) Determine the value of J i , where x i:J i < T i < x i:J i +1 and discard the samples {x i:J i +2 , · · · , x i:m i } (6) Generate the first m i − J i − 1 order statistics from the truncated distribution f (x|α, λ i )/[1 − F(x i:J i+1 |α,λ i )] with sample size n i − J i j=1 R i:j − J i − 1, and it denoted as
We consider a three-level constant stress under adaptive type-II censoring, the Weibull model is used here with temperature-accelerated levels S 1 = 243, S 2 = 305, S 3 = 378. The normal work temperature is S 0 = 200. The accelerating function is ln λ i = −2 − 1500/S i , i = 1, 2, 3. Therefore, λ 1 = 2.82e − 4, λ 2 = 9.9e − 4, λ 3 = 2.559e − 3. Moreover, the true value of the shape parameter is given as α = 2 and acceleration coefficient θ = 3.7703. We discuss 12 test schemes (TS) with different adaptive type-II progressive hybrid censored samples which are generated with different (n 1 , n 2 , n 3 ), (m 1 , m 2 , m 3 ) and (T 1 , T 2 , T 3 ) under three constant-stress level. The TS are listed in Tables 1. Under every TS we obtain the average bias (ABs), RMSEs for point estimates, and average confidence lengths (ACLs) of 95% confidence/HPD credible intervals and the corresponding coverage percentages (CPs) for interval estimates. Meanwhile the Bayesian estimates are computed under gamma prior whose hyper parameters are taken to be a 1 = 2, b 1 = 1, a 2 = 7.485e − 5, b 2 = 1 using the method in Section III-B. For each censored sample, 10000 MCMC samples are generated and the first 2000 samples are eliminated. We simulate the whole process 1000 times in each scheme the results are summarized in Table 2-Table 4 . From Tables, we can see that:
the point estimation of MLE and BE are very close to the real value, thus the performance of the two methods of estimation are satisfied. The BE of α and λ 0 is better than MLE. However, Table 4 indicates that the MLE of θ , which is not the parameter of the weibull distribution, is better than BE. From table 2-4, it is also observed that when (n, m) or T increase, the ABs and MSEs decrease for both MLEs and BEs.
For interval estimation,we can see that the CPs of the confidence interval and HPD credible interval for the parameters are close to the desired level of 95%. HPD credible intervals are better than CIs in respect of the ACLs. As (n, m) or T increase, the ACLs of the HPDs and CIs become shorter.
V. APPLICATION TO A REAL DATA EXAMPLE
Consider a real accelerated life test data reported in [17] . This data refer to times to breakdown of an insulating fluid subjected to various constant elevated test voltages. At each test voltage, a number of times to breakdown were observed. The work was carried out in a laboratory with a pair of parallel plate electrodes of a certain area and separation. The failure data under different voltages obey Weibull distribution which are given in Table 5 . The main purpose of this paper was to estimate the time to breakdown at normal voltage 30KV. we suppose T = (100, 35, 20) and m = (13, 13, 13), we obtain an adaptive Type-II progressive hybrid censored data with J = (12, 13, 13) which is shown in Table 6 . Used the MCMC algorithm proposed in III-B, the samples of α, λ 0 , s(x), and h(x) (when x = 100) with size 40000 are generated under the adaptive type-II censored data, and the first 10000 samples are eliminated. The sample path maps and histogram of the remaining MCMC 30000 samples are listed in Figure 3 . From Figure 3 , we can see the MCMC algorithm is convergent. Based on the MCMC samples, the BEs of unknown parameters, s(x) and h(x)(when x = 100), the estimated value (EV), RMSEs, Lower limit (LL),upper limit (UL) and interval length (IL) of HPD confidence intervals are calculated and listed in Table 7 . The results from the MLEs are also shown in Table 7 . From Table 7 , we see that the point estimates of BEs are similar to MLEs. However, the HPD of more realistic based on the Bayesian method is a little different compared with the MLE. This is because we use the normal approximation to get the CIs of maximum likelihood estimate, but from Fig.3 we can see that the Sample histogram of MCMC samples with λ 0 ,and s(100) are skewed. Thus the HPDs are more realistic.
VI. CONCLUSION
The parameter estimation was discussed for the constantstress accelerated life test under adaptive Type-II progressive censoring scheme when the lifetime of products follow the Weibull distribution. The point and interval estimates of unknown parameters, reliability and hazard functions were derived by using methods of the Maximum likelihood and Bayes estimates. The Bayes estimates have been obtained under SEL function, they cannot be obtained in the explicit form. So we proposed to use the MCMC method to compute the Bayes estimates. Simulation results were shown the method proposed in this paper is effective and a real data set was presented to illustrate the application in practice.
